Tap chi Khoa hoc Truong Pai hoc Can Tho

Tap 55, S6 34 (2019): 50-55

Tap chi Khoa hoc Trudng Dai hoc Can Tho
Phan A: Khoa hoc Tu nhién, Cong nghé va Méi trudéng

website: sj.ctu.edu.vn

DOI:10.22144/ctu.jvn.2019.065

TOC PO HOI TU TRONG PINH LY GIOI HAN TRUNG TAM
CHO QUA TRINH MARKOV

Lam Hoang Chuongl*, Duong Thi Tuyénl, Pham Bich Nhu' va Tran Thi Thién?
Khoa Khoa hoc Tu nhién, Truong Pai hoc Can Tho
Lép Todn iing dung Khéa 42, Truwong Pai hoc Can Tho

*Nowoi chiu trach nhiém vé bai viét: Laim Hoang Chirong (email: lhchuong@ctu.edu.vn)

Thong tin chung:

Ngay nhdn bai: 13/11/2018
Ngay nhdn bai sva: 24/11/2018
Ngay duyét dang: 27/06/2019

Title:

Rate of convergence in central
limit theorem for Markov
process in one dimension

T khoa:

Binh ly gidi han trung tam,
qua trinh Markov, toc do hoi
ty

Keywords:
Central limit theorem, Markov
process, rate of convergence

ABSTRACT

The aim of this paper is to study the model of Markov process in one
dimension. The method of moments is here used, asin Depauw et al.
(2009) and Lam (2014) to prove that this process conveges in
distribution to a normal law (Theorem 1.1) and give its rate also
(Theorem 3.1).More precisely, with be the corresponding
infinitesimal generator of the previous process and a given function ,
we solve the Poisson’s equation and then treat the limits of its
solutions, the rate of the convergence is instantly given by the
convergence of the moment.

TOM TAT

Muc tiéu chinh cia bai bao nay la nghién ciu mé hinh quad trinh
Markov trong mét chiéu. Sir dungphuo’ngphap nhw trong cdc bai bao
cua Depauw et al. (2009) va Lam Hoang Chuong (2()14) dé chimg
minh sw hoi tu theo phan phoz dén phdn phoi chudn ciia qud trinh dang
xét (Pinh Iy 1.1) va dwa ra toc d¢ héi tu ciia né (Dinh ly 3.1). Chi tiet

hon, véi L la toan tir Markovcuc vicua qud trinh nhw trén va ham f
cho truede, bang cdch gidi phwong trinh Poisson Lg=f roi sau do tim
gioi han lién quan dén nghiém cua no, khi do t6c do hoi tu sé duoc
cho boi sw hoi tu cua cdc moment.

Trich dan: Lam Hoang Chuong, Duong Thi Tuyén, Pham Bich Nhu va Tran Thi Thién, 2019. Tbe @0 hoi tu
trong dinh 1y gidi han trung tam cho qua trinh Markov. Tap chi Khoa hoc Truong Dai hoc Can

Tho. 55(3A): 50-55.

1 GIOI THIEU

Ta xét mdt qua trinh Markov (X >0 véi
khong gian trang thai 1a tap c6 cudng d6 dich chuyén

P (X5 =K Xg=h}=1-210(0),

rong do: lim o) _ Khi d6, toan tir cuc vi cia qua
t—0 1

trinh da cho 1a

sang phai hodc sang trai 1 don vi nhu nhau, hay con

goi 12 qua trinh Markovcan bang. Cuy thé hon, cudng
d6 chuyén ctia taivitri 1a .Khi;—o0, taco: {=0

P Xp s =kt X =ki=At+o(0),

D L£E\_ £(E)

,‘, P)= KI-JK) . praanes £/2 1N V2 202
) hnl——’.9.,‘\—.,.—1‘.‘,\-..— L2 F(K).

v6i f 1a ham do dugctrén khong gian trang thai

P Xy 5=k X == Artol0), Z
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Mo hinh buée di ngiu nhién can bang 1a mot qua
trinh ngdu nhiéncé nhiéu Gmg dung trong thuc té. N6
la sy tang thém va mat di mot ca thé sau mot thoi
diém cua quan thé nao do, con duoc goi 1a qua trinh
sinh va chét trong sinh hoc néi chung. Khi ta xét
trong vat 1y dong luc hoc, no 1a sy “di chuyén” ngau
nhién ctia mot chat diém trén day dan ddng chét.
Trong ly thuyét tro choi, d6 1a sy thang va thua cudce
V@i xac suat nhu nhau, con duge goi 1a trd choi cong
bang.

Trong pham vi bai bao nay, chung ta xét mé hinh
clia mot qua trinh Markov (Xz);>0 can bang trén
khong gian trang thai Z ma c6 diéu kién ban dau
X0=0. Khi d6, véi hé s chudn hoa, qua trinh dé cho
s& hoi tu theo phan phdi dén quy ludt chuan khi thoi
gian I du 16n. Ta phat biéu dinh 1y d6 nhu sau:

Pinh ly 1.1 Véi moi bude di ngiu nhién cin
bang, ta luén co

%—D—nv(o, 22),

Khi #—>+o0. Trong bidu thitc trén, —2— ky
hiéu cho hoi tu theo phan phdi cua cac bién ngiu

nhién va N(y,a2) 1a luat phan phdi chudn voi ky
vong /¢ vaphuongsai o °.

Két qua nay ciing da duoc dé cap trong bai bao
cua Kawazu et al. (1984) dugc chirng minh thong
qua su bién d6i thoi gian cia mot chuyén dong
Brown. Muc tiéu chinh ciia bai bao nay 1a dura ra tbe
d% hoi tu cho Pinh Iy 1.1 thong qua viéc st dung
phuong phap moment.

CAu trac cua bai bao duoc sip xép nhu sau: Muc
2 trinh bay phuong phap chung minh dugc st dung
trong bai bao; Két qua chinh vé toc d6 hoi tu cho
Dinh Iy 1.1va ching minh chi tiét cta n6 duoc dua
ra & Muc 3; Cudi cung la ph'?ln két luan van deé.

2 PHUONG PHAP NGHIEN CUU

Trong tai liéu cua Billingsley (1995) Pinh ly
30.2 ¢6 @& cap dén phuong phap moment trong
nghién ctru dinh 1y gi6i han trong 1y thuyét xéc suat
dugc trinh bay lai nhu sau

Dinh ly 2.1 (Billingsley, 1995) ho (Zf)>0 la
cac bién ngiu nhién cung xac dinh trén mot khong
gian xac suat va Z 1a mot bién ngau nhién c6 lut
phan phéi x4c suat hoan toan dugc xac dinh béi cac
moment cia nd . Néu  im E(Z/ ):E(zf) vé1 moi

t—+o©
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=12,3,... (i Z hoi tu theo phan phdi dén 7
khi t—00.

Trong phén tiép theo, ta s& dung ky higuN dé
chi tdp hop cac bién ngdu nhién co tat ca cac
moment cia nd hitu han. Sau d6, ta dinh nghia mét
anh xa d:NxN—[0;+0] sao cho

d()(,Y,f):‘E()(f—Yz )‘ 2.1)

Ta c6 bd dé sau:
B6 dé 2.1 Cho (Z;)s>( va Z thudc tap N. Néu

lim d(Z;,Z,0)=0 thi Z; hoi tu theo phan phdi dén
t—>+00

Z khi t—0.
Chung minh. Tu cong thuc (2.1) ta cé
d(Z,,Z,/@):‘]E(Z,”—z” )‘ Ap dung gia thiét cta bo dé

lim d(Z;,Z,/)=0 néntasuyra [im E(ﬂ):m(ﬂ)
t—>+00 {—>+00

véi moi ¢ =1,2,3,....Theo Dinh 1y 2.1 ta dugc
Kkét luan cta B6 dé 210

Trong ph?lnv tiép theo, ta sé s dung anh xa d
va B6 dé 2.1 dé tim tdc d6 hoi tu trong Dinh 1y 1.3
voi Zt:Xt/x/Z vVa Z~N (0,24).

Lién quan dén toan tir cuc vi L, ta cd cac bo dé
sau

B6 dé 2.2 Cho cac ham f;; , xac dinh trén Z, thoa

Lfi(m) = fi-1(m),

fo(m) = 1, m €7
fi(0)=0, k=1
Khi d6 ta ludén co
k

t
Ef(X)) =T
voimoi t = 0.

Chirng minh. St dung phuong phap quy nap theo

Xétk =1

Dat hy (¢) = E{f1(X)} thi

E{fi (Xea)1Xe} — f1(Xe)
s

E(LA(XD} = limE

fiXers) — i(Xe)
s

}

= lim E{

s-0

}
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. hy(t+s) - dhy(t)
= lim .
-0 S dt
0. Hon nita hy(0) = E{f;(Xo)} =0 suyra =0
dandén h,(t) = E{fi(X)} =t.
Gia st ménh d¢ dang voi k> 1. Ta dat
hiy1(t) = E{fi41(X)} thi

h () _

E{Lfi+1(Xe)}
E{fk+1(Xt+s)|Xt} - fk+1(Xt)
s—>0 { S }
fk+1(Xt+s) B fk+1(Xt)
= lim E{ S }
— i Ryei1 (& +8) = Ryy 1 (6) _ dhy1(¢)
= lim = .
550 s dt
Vi B (00 = B (O) = © nen
heiq (0) = m +f; voi t=0. Hon nia

hy11(0) = Ek{fk+1(X0)} = O suy ra B, = 0 dan dén
hies1 (1) =
E{LfZ(Xt)} =E{ilD} =t

suy ra h,(t) =t2—2+,8 véi t > 0. Hon nita
h,(0) = E{f,(X,)} =0 suy ra B =0 din dén
ha(0) =2

Vaytacod E{f,(X:)} = % v6i k = 1,2 khi t du
lon.

B6 dé 2.3 Cho cac ham g, xac dinh trén Z, thoa

Lgr(m) = gi-1(m),
go(m) =0, meZ

Khi d6 ta ludn co
E{fi(X)} =0,

voimoit = 0.

Chimg minh. Tuong ty B6 dé 2.3.

Cubi cung 1 bd dé lién quan dén gidi han cua
trung binh Cesaro

B6 dé 2.4 Cho uy,, vy, 14 hai day sb thuc duong
va mot s6 nguyén khong am a € N . Gia sir rang

1 n
lim — Y up=u>0 va

lim v, =v>0.
n—ol p—1

n—>0

Néu ca # va v déu hiru han thi
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Z Zaugvg—

lim I
oo

n—oon

(2.2)
ta s& chi ra rang

Chiung minh.Véia =0,

1 n
lim — 3 upvp=uv.

n—on p_|
Ta co
12z 12z 12z
— > upvp—uv| < |— 2 up(vp—v)H— X (up—u)y
=1 =1 =1
1z 12z
< =2 ug‘vg—vh—v— > up—u
=1 =1
< £

voi moi & >0 khi 71 dua 16n. Tir @6, ta co diéu
phai chung minh.

Béy gio ta gia sir rang (2.2) ding choa>0, ta
mong mudn ring né ciing ding cho « + 1, tirc 1a

Z ga+luw€_ uy

lim ——
+2 /-1 +2

I’l—)OOn

n I3 2
bat W,=Y. (“upvy, sir dung phép bién ddi Abel
=1
ta co

Z /a+luw€_
(=1

Wn— N+1p.

a+2

_ uv
n-— 2
a+l

Theo gia thiét lim 7= lim va

n—» 0 n—»won

a+l

ta co

) uv ‘ < Z a+l‘ 4, uv‘
(a+)(a+2)| a+2[ ‘£a+1 a+l‘

Z ot 1
/=1 a+2

< &

uyv
+ R

a+2 a+l

voi moi &>0 khi 7 du 16n bdi vi

1 nilzoﬁ
(=1

1 17=1ry a+l . X e A
=—Y (7) va cho n tién tdi vo
n /=1 n

na+2

1
a+?2

. Tt

L. L 1
cung ta s€ ¢6 gidi han bang J. x“dx =
0

uv
lim 1=

d6 dan dén o m Vi vay,

1
a+2

uy uy uy
4

lim
n—oop

n
> ﬁaﬂugvg: } =
/=1 (a+)(a+2) a+l a+2
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va ta chung minh dugc (2.2). o
3 KET QUA THUC HIEN

V6i mé hinh qué trinh Markov can bang nhu d
gidi thiéu & Muc 1, ta ¢6 két qua chinhve toc d6 hoi
tu dén phan phoi chuan ctiia n6 nhu sau

Binhly 3.1 Ta co
Xt

d

3

trong do: X" 1a bién co phan phéi chuan véi ky
=2A.

X fj oV,

vong bang 0 va phuong sai la ¢*

6] day, ta nhéc lai rﬁng mot ham g(r)=0(a(¢))
néunhu lim sup|B(t)/a(r)<+e.
t—>+0

Péi v6i phan phéi chuin X*~A(0.0%) thi voi

moéil=1,2,3,...,taco
0 khi (=2k-1

El{Xx*!= !
Bas Qk),('a“ khi € =2k.

k'2

Khi d6, véi mdi/ =1,2,3,... ta can danh gia

tbe do hoi tu cua gi6i han cila moment béc { cua
Xyt khi t—>+o0,

Trudng hgp moments bac chin, ta ¢c6 ménh dé
sau

M¢énh dé3.1 Véimdi k > 1, taco
o -

Chiung minh.Ta xét mot day cac hamﬁC > 0,

=0@™).

xéc dinh trén 7 , sao cho

L (m)=fg—1(m),
Jo(m)=1
Ji(0)=0,

mez.
k>l1.

Chéng han, ta ¢6 thé chon ham fl thoanhu sau

m(m—1)
Si(m )——/1

b

vavoi k > 2 ham ff thoa fk(l)sz(—l)zo
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lm—l
-z Z Sie—1(s),  khi  m>2
Aol s=1
Sie(m)= 0, khi - m=-1,0,1 (3.1)
1 —m /-1
—z > fie1(=s), khi  m<-2.
Ar=2 =1

Khi d6, véi moi s6 nguyén », vavoi kK >1 ta
co

Ly (m)=fj—1(m).
Theo B @& 2.2thi véimdi k > 1

&
Bl (Xpi=; (32)

véimoi £ 20 vi f,(0)=0 theo dinh nghia

cua fk va X0=0 theo gia thiét cia budc di ngau
nhién Xj;.

Cong thie (3.3) co thé viét lai mot cach hinh

thirc nhu sau
2k
1
\ﬁ kv

B6 dé 3.1 Cho k£ >1 , voi ham fkduqc Xac
dinhnhu trong (3.1) thi

k k
. fk(m) 2 1
lim L (Zk)'(mj .(33)

m—too m

Je(Xe),
XZk

B

Gié6i han nay duoc ky hiéulaCy, .

Chirng minh. Gi6i han nay dGng cho & = 1. Thét
vay, voi m >0 taco
Ailm)

m—>o 2m2/1

m(m—l):L

lim .
22

m—>0 m

Gia sir rang biéu thte (3.3) van dung cho k > 1
, ta mong mudn no ciing dung cho k + 1, tic 1a

k+1
lim fk+1 (m) 2

k+1
m—yoo 2 (k+1) (2k+2)'[21j ‘ (34)

Tacod

1L sk
[2k+1 fk(@‘; 1(?) Szikfk(s)'
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Ap dung B6 @& 2.4 cho u =1,v, = %fk (s)
s

va a=2k thi biéu thic & trén hoi tu dén
2k [ljk
kD24 )
Mat khac
foam) 1180 1 Z £6)
m2(k+1) m A “\ 'm €2k+1 k

Ta lai 4p dung BO d& 24 cho uy =1,

, 1
vp= k +1 Z fic(s) va a=2k+1 thi biéu thirc & trén
2k+1
(2k+2)!

cua (3.4).

hoi tu dén

k+1 o,
[ﬁ) . Tur @6 dan dén két luan

Tuong ty, ta ¢ cung két qua cho trudng hop
m<0.0

Tur BS dé 3.1, véi moie > 0, tdn tai M>0 sao
cho v&i moi m>M thita cod

m** 1

Ji(m)

Béy gio ta chia tap gid tri cia X7 ra lam hai phan
{IXe <M} A Xy |>M} va két hop véi (3.2), (3.5) ta

danh gia biéu thirc
is (th”‘ e
Ji kleg 4k

lrx 2k
Jt k'ck
Néu {|X;[>M} thi biéu thirc & trén co thé dugc

viét lai 1a
2k
XV!

E
{fk(Xn)

Néu {|Xp,[<M} thi fi(X;)<ce Tir d6 din dén
s (X ool
NI

véi C, 1a hing s6 dwong. Nhu vay, ta di dén két

) e

<&/2.(3.5)

Cy

k
n

S (X,)
2k

Ck

tk

luan la

—o(™h),
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khi ¢ du 16n. Ménh dé 3.1 da duoc chirng minh.
a

Trudng hgp moments bac 1€, ta c6 ménh de€ sau

Ménh dé3.2 V6imdi k> 1,

E{(Xt/«ﬁ )Zk_1 }zO(tl/ 2k,

ta co

Chung minh.Ta xét mot ddy cac ham gk, xac

dinh trén Z , sao cho

Lgk=g—1(m),
g0 (m)=0 meZ
gk (0)=0, k>1.

Chéng han, ta c6 thé xac dinh ham &  nhu sau

m
& (I’i’l) = 7’
va voi k>2 ham g nhu sau
m-1 [
- Z Y gi—1(s), khi  m>2
A=l =1
gk (m)= 0, khi m=-1,0,1 (3.6)
1—m /-1
— 2 X gk-1(=s), khi m<=2.
Ap=2 s=1
Khi d6, v6i moi sé nguyén » va véi mdi

k>1taco
Lgj(m)=gj—1(m).

Ap dung B6 d& 2.3 ta thdy rang voi mdi k > 1
thi

E{gr(X)}=0 (3.7) vé6imoi 120.

B6 d&3.2 Voimdi k > 1 vaham g dugc xac
dinh nhu trong (3.6) thi
2k 1

R
:(2k71)!(1j '

Gié6i han nay dugc ky hiéu 1a df .

i Sk(m)
k-

m—>toom

Chtng minh. Tuong ty nhu bd dé 3.10

Tu B6 dé 3.2, voi moig >0, s& tdn tai M>0

sao cho véimoi | m [> M thi

g, (m)
2k-1 -1
m~=d,

<é&.
(3.8)
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Béy gio ta chia tap gid tri ciia X7 ra lam hai phan
{IXe <M} Xy >M} va két hop voi (3.7), (3.8) ta

danh gia biéu thirc

") el

Néu {|X;[>M} thi biéu thirc & trén co thé dugc

viét lai 1a

2k-1
B (th 1 8k(Xp)
Vi Xty

<& E(Xt

2(2k-1)
3

khi 72 du 16n. Néu {|X;<M} thi g(Xp)<oo Tix

d6 dan dén

U | v2k-1_gk(Xp||_ Dk
E{(\/;)M—lXt dy }21«—1/2’

v6i Dk 1a hing s6 dwong. Theo Ménh d& 3.1,

biéu trong cdn béc hai sau cting bi chin nén ta di dén
két luan la

2k—1
Xt _ 12—k
E{[ Vi J } o)

khi ¢ dalén. o
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Twr bac héi tu trong hai Ménh dé3.1va32ta suy
ra bé}c hoi tu cia Pinh 1y 3.1. Nhu vay, dinh 1y chinh
ve toc do hoi tu da dugc chirng minh.

4 KET LUAN

Bai bao da danh gia duogc tdc do hoi tu cua dinh
ly gidi han trung tam cho qua trinh Markov trén

khong gian trang thai Z véi bac 1a O(t_l/z) thong

qua cach xac dinh 4nh xa d dua vao phuong phap
moment. Ngoai ra, diém méau chdt trong bai toan nay
& chd ta co thé giai dugc phuong trinh Poisson twong
ung véi toan tir cuc viL . Chiung t6i ky vong
phuong phéap nay co thé dwoc ap dung cho cac bai
toan khac c6 lién quan.
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